In this paper, we answer the following question: Is a mixture of nonatomic measures nonatomic ? The answer turns out io be no, in general. Four sufficient conditions are given under which mixtures become nonatomic.
1. Introduction and definitions. Let (X, <i/) and (Y, 88) be two Borel structures. Let F be a transition probability on Xx 88, i.e., F is a function defined on JxJ taking values in [0, 1] such thatF(x, •) is a probability measure on 88 for every x in X and P(-, B) is an ¿/-measurable function for every B in 88. Let y be any probability measure on stf and define p(B)=$ P(x, B) y(dx) for B in £Í8. p is a probability measure on 88, and is called the mixture of F with respect to y. P is said to be nonatomic if P(x, •) is nonatomic for every x in X.
§2 gives an example of a nonatomic F and a measure y such that the mixture of F with respect to y is not nonatomic. §3 gives four sufficient conditions under which all mixtures become nonatomic.
All measures considered in this paper are finite. A measure y on s/ is said to be two-valued if there is a real number a, positive, such that y(A)=0 or a for every A in .j/ and y(X)=a. The terminology used here follows closely that of Neveu [2] .
2. Example. Let X be any uncountable set and ¿é', the countable cocountable a-algebra on X. For each x in X, let ( Yx, 88x, p,x) be a nonatomic probability space. Let Y=TJxsX Yx, the product space and = Ylxex &z> the product oalgebra. Fix/0 in Y. Let f%=f0lX-{x}, the restriction of /" to X-{x}. For every B in 88, define Bx-f %-th section of B={g(x)eYx:geB and g-f0 on X-{x}}. It is easy to verify that {Bx:Be8$)=88x. Now, F:Xx 88 into [0, 1] is defined as follows. P(x,B)= px(Bx). For every x in X, P(x, •) is a nonatomic probability measure on á?. Since every B in 88 is a countable-dimensional cylinder, it follows that Bx-0 for all but a countable number of x's or = Yx for all but a countable number of x's. Consequently, P(x, B)=0 for all but a countable number of x's or = 1 for all but a countable number of x's. Hence, P(-, B) is ¿/-measurable for every B in 38. Let y be the 0-1 valued measure on sJ defined by y(A)-0 or 1 according as A is countable or cocountable. The mixture pofP with respect to y is 0-1 valued and hence cannot be nonatomic. In fact, p is a degenerate measure (atf0).
3. Theorem 1. If ¿81 is separable, i.e., has a countable generator, then the mixture p of any nonatomic transition probability P with respect to any probability measure y is nonatomic.
Proof.
Since 01 is separable, any measure on 38 is nonatomic if and only if it is continuous. (A measure on 38 is said to be continuous if the measure of any atom of 38 is zero.) This can be proved by noting that there are no two-valued continuous measures on any separable o--algebra. Since a mixture of continuous measures is continuous, our theorem follows. Theorem 2. If {P(x, -):x in X} is a dominated family of nonatomic measures, i.e., there exists a a-finite measure cp on 38 such that P(x, •)<£$> for every x in X, then any mixture p of P is nonatomic. Theorem 3. Let X be a topological space having a countable dense set and s¿ be the a-algebra generated by open subsets ofX. Further, assume that P(-, B) is a continuous function on X for every B in ¿ß. If P is nonatomic, then any mixture of P is nonatomic.
In order to prove this theorem, we need the following lemmas. Lemma 1. Let cp be a nonatomic measure on ¿8 and r be a two-valued measure on 38. Then cp and r are mutually singular.
Proof.
By the Lebesgue decomposition theorem, we can write cp = (fx+(p2 where ç>x«t, and <p2 and t are mutually singular. Since t is two-valued, <rx is also two-valued. As fx = <P> cpx is also nonatomic. That the second term is zero follows from the fact P(x, B) < P(x, B0) = 0 if x is in Uc.
Theorem 4. Let X be a Lindelöf topological space and sé be the aalgebra on X generated by open subsets of X. Further, assume that P(-, B) is a continuous function on X for every B in 88. If P is nonatomic, then any mixture of P is nonatomic.
Let p be a mixture of P with respect to y. Let B0e88 be such that p(B0) is positive. Then U={x in X:P(x, Bo)>0} is an open set of positive y-measure. Write U=\Jn¿1 ^«> where Un-\xinX:P(x,Bo)> Ijn).
Since y(U) is positive, there exists A^such that y(UN) is positive. Since UN is closed, it is Lindelöf. For every B<^B0, define UB = {x in X:P(x, B0) > P(x, B) > l/N + 1}.
UB is an open set for every B<=B0, B in 88. Now, {UB:B<=B0 and B in 88} is an open cover of UN. For, let x be in UN. Then P(x, B0)^l¡N> 1 ¡N+1. By nonatomicity, there exists a C in 88, C<= B0 such that P(x, B0)> P(x, C)>l/N+l. Consequently, x is in Uc. By the Lindelöf property of Hence, there exists B<=B0, B in 38 such that y(UB) is positive. On UB, l/N+KPix, B)<P(x, B0). So, 0<p(B)<p(B0). This proves the nonatomicity of p.
Remarks.
(1) For the nonatomicity of p, the first theorem lays conditions on the Borel structure (Y, 3 §), the second on the family {P(x, -):x in X} and the third and fourth on (A', sá) and on the family {P(-, B):B in 3 §} of functions.
